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Abstract
LetB(H) be the set of all bounded linear operators on a Hilbert space H. An operator A ∈ B(H) is said
to be a k-generalized projector if Ak = A∗, where k  2 is an integer and A∗ denotes the adjoint of A. Denote
byB(H)k−GP the set of all k-generalized projectors inB(H). In this paper, we show that any two homotopic
k-generalized projectors are path connected and that there does not exist a segment [P,Q] ⊆ B(H)k−GP
when P and Q are two different k-generalized projectors.
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1. Introduction
Let H be a Hilbert space andB(H) the set of all bounded linear operators on H . Throughout
this paper, the adjoint, the null space, the range and the spectrum of A ∈ B(H) are denoted by A∗,
N(A), R(A) and σ(A), respectively. Recall that an operator A ∈ B(H) is an idempotent if and
only if A2 = A. An operator A ∈ B(H) is normal if and only if AA∗ = A∗A. If A is normal and
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A = ∫
σ(A)
λdEλ is the spectral representation of A, for a Borel set  ⊂ C, we denote by EA()
the spectral projection of A associated with . If  ∩ σ(A) = ∅, then EA() = 0 (see [8]).
Firstly, we shall give some definitions.
Definition 1.1 (see [15]). A ∈ B(H) is said to be a k-generalized projector if Ak = A∗, where
k  2 is a integer. The set of all k-generalized projectors in B(H) is denoted by B(H)k−GP . In
particular, A is called a generalized projector if A2 = A∗ (see [9]), and the set of all generalized
projectors in B(H) is denoted by B(H)GP .
Obviously, if A is a k-generalized projector, then A is necessarily normal (see [16]).
Generalized projectors on a finite dimensional Hilbert space, as a generalization of idempo-
tents, were introduced by Groß and Trenkler in [13] and extended to k-generalized projectors by
J. Benítez and Thome in [5]. Now the idea of k-generalized projectors is extended on a Hilbert
space H , where H is not necessarily finite dimensional as in [9,15].
The linear combinations and the path connectivity of idempotents on a Hilbert space have been
considered in recent years by many researchers (see [1,2,4,6,9,11,12,18]). Especially, Zema`nek
(for complex algebras, see [18]) and Aupetit (for the general real case, see [1]) have established
that the components of P(A) = {p ∈A : p2 = p} are arcwise connected; Esterle and Giol
(see [11]) have studied the polynomial and polygonal connections between idempotents in finite
dimensional real algebras; Giol (see [12]) has proved that any two homotopic idempotents in
B(H) may be connected by a piecewise affine idempotent-valued path consisting of 4 segments
at most. Since the definition of generalized projectors is similar to the definition of idempotents,
many authors have investigated properties of generalized projectors (see [3,5,15–17]).
Definition 1.2. Let P and Q be in B(H)k−GP . The operators P and Q are said to be
homotopic if and only if σ(P )=σ(Q) and dim EP (α)H =dim EQ(α)H for all α ∈{
0, ei
2m
k+1  : m = 0, 1, 2, . . . , k
}
.
Definition 1.3. Let P and Q be two k-generalized projectors in B(H). The segment [P,Q]
between P and Q is defined by [P,Q] := {(1 − t)P + tQ : t ∈ [0, 1]} ⊆ B(H).
For k = 2, Wang et al. (see [17]) proved that there does not exist a segment in B(H)GP
and that if P , Q are two homotopic generalized projectors, then there exists a continuous path
f : [0, 1] → B(H)GP such that f (0) = P , f (1) = Q (see [17]). In this paper the results in [17]
are extended to k > 2, which are the main results.
Theorem 1.4. Let P and Q be inB(H)k−GP . If P and Q are homotopic, then P and Q are path
connected.
Theorem 1.5. There does not exist a segment in B(H)k−GP .
Theorems 1.4 and 1.5 will be proved in Sections 2 and 3, respectively.
2. Proof of Theorem 1.4
In this section, firstly, we emphasize that the proof of Theorem 1.4 has many common points
with the proof of Theorem 1.6 in [17]. In fact, the arguments presented below can be considered
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as an adaption of the proof given in [17] to a general situation. So, it would have been possible
just to point out where and how the proof in [17] must be modified in order to get the statement
of Theorem 1.4 in this paper. But we think that such a proof would be quite hard to follow and
hence it would not meet the most elementary requirements. Therefore, we decided to present a
complete self-contained proof.
We begin with some preliminaries.
Lemma 2.1 (see [10,15]). Let A ∈ B(H). Then A is a k-generalized projector if and only if A is a
normal operator and σ(A) ⊆
{
0, ei
2m
k+1  : m = 0, 1, 2, . . . , k
}
. In this case, A has the following
spectral representation A = 0EA(0) ⊕km=0 ei
2m
k+1 EA
(
ei
2m
k+1 
)
.
The spectral characterizations of the generalized projectors were exhibited by Du and Li in
[10] and extended to k-generalized projectors in [15,16].
Remark 1. By Lemma 2.1, if A is a nonzero k-generalized projector, then ‖A‖ = 1.
Lemma 2.2. Let P, Q ∈ B(H) be idempotents. If ‖P − Q‖ < 1, then dimR(P ) = dimR(Q).
Lemma 2.3. Let P, Q be in B(H)k−GP . If ‖P − Q‖ < min
{
1
2 , sin

k+1
}
, then P and Q are
homotopic.
Proof. In general, σ(P ) and σ(Q) are contained in the set
{
0, ei
2m
k+1  : m = 0, 1, 2, . . . , k
}
.
Denote by FP (α) and FQ(α) the Riesz projections (see [8]) of P and Q, respectively, associated
with α ∈ σ(P ) ∪ σ(Q) ⊆
{
0, ei
2m
k+1  : m = 0, 1, 2, . . . , k
}
. Then
FP (α) = 12i
∫

(λI − P)−1dλ and FQ(α) = 12i
∫

(λI − Q)−1dλ,
where is a positively oriented circle around α∈σ(P )∪σ(Q)⊆
{
0, ei
2m
k+1  : m=0, 1, 2, . . . , k
}
whose radius is min
{
1
2 , sin

k+1
}
(see [8]). Observing that P and Q are normal and σ(P ) ∪
σ(Q)⊆
{
0, ei
2m
k+1  : m=0, 1, 2, . . . , k
}
, then ‖(λI−P)−1‖ 1
min
{
1
2 ,sin

k+1
} and ‖(λI−Q)−1‖
1
min
{
1
2 ,sin

k+1
} for λ ∈ . In this case,
‖FP (α) − FQ(α)‖ =
∥∥∥∥ 12i
∫

(λI − P)−1dλ − 1
2i
∫

(λI − Q)−1dλ
∥∥∥∥
=
∥∥∥∥ 12i
∫

(λI − P)−1(P − Q)(λI − Q)−1dλ
∥∥∥∥
 1
2
∫

‖(λI − P)−1‖‖(P − Q)‖‖(λI − Q)−1‖dλ
< 1.
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Obviously,α∈σ(P ) if and only ifFP (α) /=0 andFQ(α) /=0 since‖P − Q‖<min
{
1
2 , sin

k+1
}
,
thus σ(P ) = σ(Q), and dim FP (α)H = dim FQ(α)H for α ∈
{
0, ei
2m
k+1  : m = 0, 1, 2, . . . , k
}
by Lemma 2.2. That is, P and Q are homotopic. 
Remark 2. For the quantity min
{
1
2 , sin

k+1
}
in the proof of Lemma 2.3, more precisely, we
have
min
{
1
2
, sin

k + 1
}
=
{ 1
2 , k  5,
sin 
k+1 , k  6.
For P ∈ B(H)k−GP , the Riesz projection FP (α) of P associated with α ∈{
0, ei
2m
k+1  : m = 0, 1, 2, . . . , k
}
in the proof of Lemma 2.3 is equal to the spectral projection
EP (α) of P associated with the same α ∈
{
0, ei
2m
k+1  : m = 0, 1, 2, . . . , k
}
in Lemma 2.1.
From Lemma 2.3, if the distance between two k-generalized projectors is small enough, then
they are necessarily homotopic. Now we show that if P is a k-generalized projector and σ(P )
is not a singleton, then really there is a k-generalized projector Q /= P such that the distance
between P and Q is small enough.
Theorem 2.4. If P ∈ B(H)k−GP , then P is not an isolated point of B(H)k−GP if and only if
σ(P ) contains at least two points.
Proof. First, let P ∈ B(H)k−GP and σ(P ) be a singleton {α}. If there exists a Q ∈ B(H)k−GP
such that ‖P − Q‖ < min
{
1
2 , sin

k+1
}
, then σ(Q) = σ(P ) = {α} by Lemma 2.1, so P = αI =
Q since P and Q are normal. This shows that P ∈ B(H)k−GP is an isolated point ofB(H)k−GP
when σ(P ) is a singleton.
Next, let σ(P ) contain at least two points. If α1 and α2 are two different points in σ(P ), denote
by EP (αi) the spectral projections of P associated with αi , i = 1, 2. Without loss of generality,
assume that dim EP (α1)H  dim EP (α2)H . If we denote H1 = EP (α1)H , then there exists a
subspace H2 ⊆ EP (α2)H with dim H2 = dim H1. Hence, there exists a unitary D from H1 onto
H2. In this case, for an arbitrary small  > 0 we take operator matrices Q1 and Q2
Q1 =
(
(1 − )I1 (1 − ) 12  12 D
D∗(1 − ) 12  12 I2
)
and
Q2 =
(
I1 −(1 − ) 12  12 D
−D∗(1 − ) 12  12 (1 − )I2
)
with respect to the space decomposition H1 ⊕ H2, respectively, where Ii is the identity on the
subspace Hi , i = 1, 2.
Directly computing, we see that Q1 and Q2 are orthogonal projections on H = H1
⊕ H2 and Q1Q2 = Q2Q1 = 0. Let H3 = EP (α2)H  H2 and {α3, α4, . . . , αk+2} ={
0, ei
2m
k+1  : m = 0, 1, 2, . . . , k
}∖
{α1, α2}, where  is the orthogonal difference (see [8]).
Denote by EP (αi) the spectral projection of P associated with αi ∈ σ(P ), and EP (αi) = 0
if αi /∈ σ(P ), i = 3, 4, . . . , k + 2. Take an operator Q as follows:
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Q = (α1Q1 + α2Q2) ⊕ α2I3 ⊕k+2i=3 αiIEP (αi )H
with respect to the space decomposition H = H1 ⊕ H2 ⊕ H3 ⊕k+2i=3 EP (αi)H , where IK is the
identity on a subspace K . A little arithmetic implies that Q is inB(H)k−GP . In this time, P has
the operator matrix
P = α1I1 ⊕ α2I2 ⊕ α2I3 ⊕k+2i=3 αiIEP (αi )H
with respect to the space decomposition H = H1 ⊕ H2 ⊕ H3 ⊕k+2i=3 EP (αi)H . And
P −Q=
(
α1
(
I1 −(1 − ) 12  12 D
−D∗(1 − ) 12  12 −I2
)
+ α2
(
−I1 (1 − ) 12  12 D
D∗(1 − ) 12  12 I2
))
⊕ 0I3 ⊕k+2i=3 0IEP (αi)H .
Now, observing that∥∥∥∥∥
(
I1 −(1 − ) 12  12 D
−D∗(1 − ) 12  12 −I2
)∥∥∥∥∥ =
∥∥∥∥∥
(
−I1 (1 − ) 12  12 D
D∗(1 − ) 12  12 I2
)∥∥∥∥∥ =  12
and |α1|, |α2|  1, we have ‖P − Q‖  2 12 . Since  is arbitrary, P is not an isolated point of
B(H)k−GP . 
From Theorem 2.4, it is easy to see that there are only k + 2 isolated points in B(H)k−GP
which are precisely 0 and ei
2m
k+1 I , m = 0, 1, 2, . . . , k.
Now we present the proof of Theorem 1.4.
Proof of Theorem 1.4. Let P and Q be in B(H)k−GP . Then P and Q have the spectral rep-
resentations P = ⊕α∈σ(P )αEP (α) and Q = ⊕α∈σ(Q)αEQ(α), respectively. If P and Q are
homotopic, thenσ(P ) = σ(Q) and dim EP (α)H = dim EQ(α)H forα ∈ σ(P ), thus there exists
a unitary Uα from EP (α)H onto EQ(α)H for each α ∈ σ(Q). Set U = ∑α∈σ(Q) Uα. Then U
is a unitary from H = ⊕α∈σ(P )EP (α)H onto H = ⊕α∈σ(P )EQ(α)H and P = U∗QU. Let U
have the spectral representation
U =
∫
σ(U)
eiθdFeiθ
and define Ut by
Ut =
∫
σ(U)
eitθdFeiθ for 0  t  1.
It is clear that U∗t QUt , 0  t  1, are k-generalized projectors. Moreover, define f (t) by f (t) :=
U∗t QUt . It is a continuous path f : [0, 1] → B(H)k−GP . Obviously,
f (1) = U∗1 QU1 = P and f (0) = U∗0 QU0 = Q.
That is, P and Q are path connected. 
3. Proof of Theorem 1.5
In this section, we begin with some lemmas.
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Lemma 3.1 (see [14]). The unit ball in every Hilbert space is strictly convex.
Lemma 3.2. Let A∈B(H) be a k-generalized projector. If α∈
{
0, ei
2m
k+1  : m=0, 1, 2, . . . , k
}
,
then αA is also a k-generalized projector.
Proof. If A ∈ B(H) is a k-generalized projector, then Ak = A∗, hence (αA)k = αkAk = αA∗ =
(αA)∗, which implies that αA is also a k-generalized projector. 
Lemma 3.3 (see [17]). Let A ∈ B(H). If A has the operator matrix
A =
(
λ0I1 A12
A21 A22
)
(1)
with respect to the space decomposition H = H1 ⊕ H2, and |λ0 |=|A‖, then in (1) A12 = 0 and
A21 = 0.
Next we will give the proof of Theorem 1.5.
Proof of Theorem 1.5. Let P and Q be in B(H)k−GP . Then by Lemma 2.1, σ(P ), σ (Q) ⊆{
0, ei
2m
k+1  : m = 0, 1, 2, . . . , k
}
. We shall show that {αP +(1−α)Q : α ∈ [0, 1]} ⊆ B(H)k−GP
if and only if P = Q. The sufficiency is trivial and we only show the necessity.
Denote by σ (P ) the cardinal number of σ(P ). We shall prove that P = Q by induction on
σ (P ).
(i) Let σ (P ) = 1. That is, σ(P ) = {λ} for some λ ∈
{
0, ei
2m
k+1  : m = 0, 1, 2, . . . , k
}
, then P =
λI since P is normal. If 1  α > 1 − 12 min
{
sin 
k+1 ,
1
2
}
, then P and αP + (1 − α)Q are
homotopic by Lemma 2.3. Hence σ(αP + (1 − α)Q) = {λ}, thus αP + (1 − α)Q = λI
since αP + (1 − α)Q is normal too. Therefore, Q = λI = P .
(ii) Suppose that {αP + (1−α)Q : 0α1}⊆B(H)k−GP implies that P = Q when σ (P ) 
l(< k + 2) and H is any Hilbert space. We shall show that {αP + (1 − α)Q, 0  α  1} ⊆
B(H)k−GP also implies that P = Q when σ (P ) = l + 1( k + 2). Let σ (P ) = l + 1. If
1− 12 min
{
sin 
k+1 ,
1
2
}
<α0 <1, then P and α0P + (1 − α0)Q are homotopic k-generalized
projectors by Lemma 2.3. That is, σ(P ) = σ(α0P + (1 − α0)Q) and dim EP (λ)H =
dim Eα0P+(1−α0)Q(λ)H for all λ ∈ σ(α0P + (1 − α0)Q) = σ(P ).
By the assumption that σ (P ) = l + 1, then σ (P )  2. Hence there exists a λ0 ∈ σ(P ) with
|λ0| = 1. In this time, λ0 ∈ σ(α0P + (1 − α0)Q) = σ(P ). Denote H0 = Eα0P+(1−α0)Q(λ0)H .
For a unit vector x ∈ H0, we get
(α0P + (1 − α0)Q)x = λ0x.
Because ‖Px‖  1, ‖Qx‖  1 and ‖λ0x‖ = 1, we have Px = λ0x = Qx by Lemma 3.1. This
shows that H0 is a common invariant subspace of P and Q, and the restrictions of P and Q on
H0 are λ0I0, where the I0 is the identity on H0.
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Therefore, P and Q have the operator matrices
P =
(
λ0I0 P12
0 P22
)
and Q =
(
λ0I0 Q12
0 Q22
)
(2)
with respect to the space decomposition H = H0 ⊕ H⊥0 , respectively.
By Lemma 3.3, in (2) P12 = 0, and Q12 = 0. Hence α0P + (1 − α0)Q has the operator matrix
α0P + (1 − α0)Q =
(
λ0I0 0
0 α0P22 + (1 − α0)Q22
)
with respect to the same space decomposition H = H0 ⊕ H⊥0 , where H0 is a common reduc-
ing subspace of P , Q and α0P + (1 − α0)Q, and σ(α0P22 + (1 − α0)Q22) = σ(α0P + (1 −
α0)Q)\{λ0}.
Clearly, P22, Q22 are k-generalized projectors on H⊥0 , αP22 + (1 − α)Q22 ∈ B(H⊥0 )k−GP
for all 0 < α < 1 because {αP + (1 − α)Q : 0  α  1} ⊆ B(H)k−GP . Since 1 > α0 > 1 −
1
2 min
{
sin 
k+1 ,
1
2
}
, then P22 and α0P22 + (1 − α0)Q22 are homotopic k-generalized pro-jec-
tors by Lemma 2.3. This implies that σ(P22)=σ(α0P22+(1−α0)Q22)=σ(α0P +(1−α0)Q)\
{λ0}=σ(P )\{λ0}. Hence σ (P22) = l. By the hypotheses of induction, we have P22 = Q22.
Therefore P = Q. 
Wang et al. proved in [17] that there does not exist a segment in the set of all generalized
projectors. That is, if P and Q are different generalized projectors, then {αP + (1 − α)Q : 0 <
α < 1} ∩B(H)GP = ∅. From Theorem 1.5, there does not exist a segment in the set of all k-
generalized projector when k  2. However, when k > 2, if P and Q are different k-generalized
projectors, then it is possible that there exists α0 ∈ (0, 1) such that α0P + (1 − α0)Q is also a
k-generalized projector. For example, in the case k = 3, let P = I , Q = −I and α0 = 12 . It is
clear that P and Q are k-generalized projectors and α0P + (1 − α0)Q = 0 is also a k-generalized
projector. Another example is that P = ei 12 I , Q = ei 32 I and α0 = 12 .
Let P and Q be inB(H)k−GP and P /= Q. We shall show that if {αP + (1 − α)Q : 0 < α <
1} ∩B(H)k−GP is not empty, then {αP + (1 − α)Q : 0 < α < 1} ∩B(H)k−GP is a singleton
and k is odd.
Proposition 3.4. Let P and Q be inB(H)k−GP and P /= Q. Then either {αP + (1 − α)Q : 0 <
α < 1} ∩B(H)k−GP = ∅ or {αP + (1 − α)Q : α ∈ (0, 1)} ∩B(H)k−GP =
{
1
2P + 12Q
}
and
k is odd.
To complete the proof of Proposition 3.4, we need a lemma.
Lemma 3.5. Let P and Q be different k-generalized projectors on a Hilbert space. If there exists
an α0 ∈ (0, 1) such that α0P + (1 − α0)Q = 0, then α0 = 12 , k is odd and P = −Q /= 0.
Proof. Suppose that P and Q are different k-generalized projectors on a Hilbert space. If there
exists an α0 with 0 < α0 < 1 such that α0P + (1 − α0)Q = 0, then α0P = −(1 − α0)Q. That
is, ‖α0P ‖ = ‖(1 − α0)Q‖. Because P /= Q, P and Q are nonzero. By Remark 1, this shows that
‖P ‖ = ‖Q‖ = 1. It implies that α0 = 12 and P = −Q /= 0. By Lemma 3.2, if A is a nonzero k-
generalized projector, then −A is also a k-generalized projector if and only if k is odd. Therefore,
k is odd. 
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Proof of Proposition 3.4. Suppose that P and Q are in B(H)k−GP , and α0P + (1 − α0)Q ∈
B(H)k−GP for some α0 ∈ (0, 1).
First, assume that α0P + (1 − α0)Q = 0. By Lemma 3.5, there is nothing to do.
Next, assume that α0P + (1 − α0)Q /= 0. Denote by {λi}ni=1, n  k + 1, the set of all non-
zero spectral points of σ(α0P + (1 − α0)Q) and Hi = Eα0P+(1−α0)Q(λi)H for each λi , 1 
i  n. It is clear that |λi | = 1 and |λi | = ‖P ‖ = ‖Q‖, 1  i  n. Similar to the proof of The-
orem 1.5, Hi = Eα0P+(1−α0)Q(λi)H , 1  i  n, are common reducing subspaces of P , Q and
α0P + (1 − α0)Q, so is Eα0P+(1−α0)Q(0)H since H = Eα0P+(1−α0)Q(0)H ⊕ni=1 Hi . Therefore,
P , Q, and α0P + (1 − α0)Q have the operator matrices
P = P0 ⊕ni=1 λiEα0P+(1−α0)Q(λi), Q = Q0 ⊕ni=1 λiEα0P+(1−α0)Q(λi)
and
α0P + (1 − α0)Q = 0Eα0P+(1−α0)Q(0) ⊕ni=1 λiEα0P+(1−α0)Q(λi)
with respect to the same space decomposition H = Eα0P+(1−α0)Q(0)H ⊕ni=1 Hi , respectively,
where P0 and Q0 are the restrictions on Eα0P+(1−α0)Q(0)H of P and Q, respectively.
Clearly, P0, Q0 are k-generalized projectors on Eα0P+(1−α0)Q(0)H and α0P0+(1−α0)Q0 =
0. The proof is completed by Lemma 3.5. 
Remark 3. Let P and Q be two different k-generalized projectors on H . From the proof of
Proposition 3.4, if there exists an α0 ∈ (0, 1) such that α0P + (1 − α0)Q ∈ B(H)k−GP , then
PQ = QP , α0 = 12 and 12P + 12Q is not invertible.
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